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In a recent paper [3] Evans and Friedman proved the existence of a global 
classical solution for two immiscibIe fluids in a one-dimensional porous medium; 
a solution in a weaker sense was earlier established by Evans [l] [2]. As for 
uniqueness, the only known proof until now has been that due to Fulks and 
Guenther [.5] (who also proved local existence). This proof relies upon integral 
equations representation of the problem and it has two drawbacks: (i) it requires 
more regularity assumptions on the data than are needed for the existence of a 
classical solution, and (ii) it is technically very lengthy and quite tedious. 
The main purpose of this paper is to give a simple and direct proof of unique- 
ness under precisely those regularity assumptions on the data which are needed 
for the existence of a global classical solution. Our approach is based on mapping 
the free boundary into a fixed line segment (see Schaeffer [6]). This approach can 
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be used also to derive other results. As an important example we shall briefly 
establish the analyticity of the free boundary in case the boundary data are 
analytic. 
In Section 1 we state the results of this paper in detail. In Section 2 we prove 
the uniqueness of the solution, and in Section 3 we establish the analyticity of 
the free boundary (for analytic boundary data). 
1. THE MAIN RESULTS 
In this paper we study the one-dimensional free boundary problem. 
Ut(X, t, = I 
%a?(% t), 0 < x < s(t), 0 < t < To , 
bu&, t), s(t)<x<l,O<t<T,, (1.1) 
u(O, t) = f&), 0 < t < To, 
u(L t) = f2(t>, 0 < t < To, U-2) 
U(% 0) = %)(x), O<X<l, 
u-(s(t), t) = u+(s(t), t), 0 < t < To, (1.3) 
a%-(@), t) = buz+(s(t), t), 0 <t < T,,, (l-4) 
s(O) = so 3 (1.5) 
S(t) = -azL-(s(t), q, 0 < t < To; U-6) 
here To > 0, 1 > so > 0, a > 0 and b > 0 are given constants, a # b, 
h(t), f2(0 cl o( 1 an u x are given functions, and the unknowns are U(X, t) and s(t). 
(The superscripts + and - denote, respectively, the right and left hand limits 
with respect to the spatial variable x.) These equations form a simplified model 
of the one-dimensional flow within a porous medium of two slightly compressible, 
immiscible fluids. 
We shall henceforth assume that 
uo 6 c”qo, ll,fi , fi E c”qo, TOI, 
u,(O) = flm u,(l) = fiW 
(1.7) 
Then, by [3], there exists a T*, 0 < T* < To and two functions s(t): [0, T*] ---f 
[0, 11, 4x, 4: [O, 11 x LO, T*l -+ R such that 0 < s(t) < 1 if 0 < t < T* and 
(i) s(t) E w1s(O, T*), s(O) = so; 
(ii) s(t) is infinitely differentiable in (0, T*); 
(iii) u(x, t) is uniformly Holder continuous in x with exponent y, and in t 
with exponent y/2, for some 0 < y < 1; u(., t) belongs to EP(0, 1) for all 
0 < t < T* and to H2(0, s(t)) n H2(s(t), 1) for all 0 < t < T*; 
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(iv) U(X, t) is infinitely differentiable in $, and in S& where 
s,- = {(x, t); 0 < x < s(t), 0 < t < T), 
ST+ = {(x, t); s(t) < x < 1, 0 < t < T) for any T > 0; 
(v) u satisfies (l.l)-(1.4); 
(vi) S(t) satisfies (1.6); 
(vii) either T* = T,, , or else lim,?r* s(t) exists and equals 0 or 1. 
The pair (u, s) is called a classical soZution; it exists either until t = To or 
until the interface hits the fixed boundary. If we omit the properties (ii), (iv) and 
require that (1.4), (1.6) and the second part of (iii) hold in the sense of a.e. in t, 
then we call the pair (u, s) a weah solution. 
A weak solution was established in [2], where also the following estimate is 
proved. 
LEMMA 1.1. Let (1.7) hold and let (u, s) be a weak solution for 0 < t < Tl , 
with 
Then 
6 < s(t) < 1 - 6 if 0 d t < Tl (6 > 0). 
I %(X, t)l < c if x # s(t), 0 < t < Tl , 
(1.8) , 
ss [(u,,(x, tN2 + 4x, t))“] dx dtG C SfiUG, 
where C is a positive constant. 
We can now state the main results of this paper. 
THEOREM 1.2. Let (1.7) hold. Then there exists at most one weak solution. 
Thus, in particular, the classical solution is unique. 
THEOREM 1.3. If, in addition to (1.7), the functions fi(t) are analytic for 
0 < t < T,, , then s(t) is analytic for 0 < t < T*. 
2. PROOF OF THEOREM 1.2. 
Let (u, s) and (c, S) be two solutions in some interval 0 < t < Tl such that 
6 < s(t) < 1 - 6, 6 < 5(t) < 1 - 8 if O<t<T, 
for some 6 > 0. We shall prove that s = S, u = aif 0 < t < T,; this completes 
the proof. 
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First we introduce a function cp(x, s): [0, 1] x [6, 1 - S] + [0, 1] satisfying: 
?J(O, s) = 0, dl, s) = 1, p)(s, s) = 4, 
:, s) > c > 0 for all (x, s), %(S, 4 = 4, 94 
where c is a positive constant, and 
1 D”a, 1 < Co if 0 < 
Let 
] 011 < 3, C, constant. (2-l) 
this determines x as a function of 5 and t. Let 
and define, for any 0 < T < Tl , 
Since 
S- = (0, +) x (0, T), 
Sf = (4, 1) x (0, T). 
K-c = *#a 9 
u - %d%)” + %Pxz 7 z:z 
ut = *t + *&?A 
the function v satisfies the parabolic system: 
fJt - h-42*,, = G%, - %4 for (8, t) E S-, 
*t - w?d2% = @9)ez - ?J$) for ([, t) E Sf, 
where S(t) = -a~~-(+, t), and 
v-Q, t) = vf(B, t), 
avc-(B t) = &+(+, t), (2.2) 
@A t) = f&)7 q, t> =$2(t) if O<t<T. 
Similarly, define ~(6, t) = U(X, t) where 5 = p)(x, S(t)). Then ~(6, t) satisfies 
a parabolic system similar to (2.2). In view of Lemma 1.1, 
I *< I> I q I, I s I9 15 I < c, (2.3) 
ss [(*d2 + ut2 + (f&A2 + vt”] df dt < C (2.4) s* 
where C denotes a generic positive constant. 
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Set w = v - V. Then, in S-, 
where 9, = IJJ(X, f(t)) Q(t) = -si u@Ji, T) d7 + so). 
BY (2.1) (2.3) 
Similarly 
I g- I e c I %EE I I s(t) - WI + c I WE I
+ c I s(t) - j(t)1 + c I i(t) - i(t)/. 
wt - b(pJ2w,, = g+ in S+ 
where g+ is bounded by the right hand side of (2.6). Define 
Y= I i 
if 0 < E < +, 
if $<t<l. 
Taking the squares of (2.5) and (2.7) and integrating, we get 
(2.6) 
(2.7) 
11 s+vs- [wt” + (~(4~)~ w;tl 6 dt - j/ 2wty(d2 we d5 dt s+us- 
T 1 
<C IS wt2 d[ dt 
-1 : i;,.,, I % I2 I 44 - WI2 d5 dt 
+ C joT 1 s(t) - i( dt + C joT I S(t) - ii(t)\” dt. (2.8) 




2~ta4d~ wc d5 dt + 
I 1 
2wtM~d21e WE dt dt 
(no boundari tetms occur on 8 = l/2). i* ” mce (Ye is bounded, we obtain 
the lower bound 
T J-f ’ $ @A2 * ybJ2 dt dt - C loT j-l I wt I I we I @ dt 0 0 0 
= lo1 (WC)” r(d2 dt It-T - JOT Jo1 (%)2(yh)2)t d5‘ dt 
- C,~T~lIwtI Iw,Idtdt 
0 0 
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(since l(~h)~)~ I < C) 
3 c j’ (4” &- ItzT - E lo= jol (wd2 d5 dt 
0 
- C(c) J“ j-l (w~)~ df dt. 
0 0 
Estimate 2. The fourth term on the right hand side of (2.8) is equal to 
C JOT I WC*&, 91” dt < C s,i IIw,(., t,ll”,- dt 
GE 11 s+us- (wd2 d5 dt + C(E) 1’ /‘(w~)~ d[ dt 0 0 
(using llflILm < C lljll$ ll.U%2, with f = 4. 
Estimate 3. The third term on the right hand side of (2.8) is bounded by 
C 1’ 1 S(t) - i(t)” dt 
0 
(since s(0) - S(O) = 0), and thus is bounded by the same final expression as in 
Estimate 2. 
Estimate 4. The second term on the right hand side of (2.8) is bounded by 
C ot 1 s(t) - s(t)1 k(t) dt 
s 
where k EG(O, 7’) (by (2.4)). Hence it is bounded by 
c IO= k(t) (jot I w,G, 41 dT)’ dt 
+ c(c) J‘,’ k(t) (Jb’ 11 wd.7 T>Il;* d7) dt 
< E’ 1s s+us- w& d5 dt + W) IO= Jo1 20: dt dt. 
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Using the estimates (l)-(4) in (2.8) an d h c oosing E, E’ sufficiently small, we get, 
for any 0 < T < Tl , 
s “’ (w&T V d5 <C ST 1’ (we(E, Q2 d5 dt.0 0 
This implies that 
s o1 (w&f, TN2 d5=0, 
so that w =G 0 and consequently v = 8, s = S. 
3. PROOF OF THEOREM 1.3. 
We may assume that the function p used in Section 2 satisfies: 
~(x, s) is analytic in (x, s) E [0, I] X [a, 1 - 61. (3.1) 
Indeed, denote by p* a function v as in Section 1. Let &(x, t) be analytic 
functions for (x, s) E [0, 11 x [a, 1 - 61 such that, for 0 < 1 01 1 < 3, 
D”&l * D"p* uniformly in (x, s), as m -+ co. 
Then 
if m is sufficiently large. 
Using this inequality we can construct a polynomial in s 
A&, s) = i a,&> sj 
j=O 
such that the function qwl. = @,, + $n satisfies 
q&(0, s) Ei 0, vm(l,s) = 1, %7&, s) = Q, 
& 9)Js, s) <I 1 (S<s<l-8) 
if m is large enough, and Dnt,bm( x, s ---f 0 uniformly in (x, s) as m -+ 00. Now ) 
take v = v’m for any sufficiently large m. 
It will be convenient later on to replace the condition ~(s, s) == l/2 by the 
condition 
ds, 4 = x where h = ’ ItA’ 
A= !‘I2 
0 a ; 
such a condition can clearly be incorporated. Notice that Ah + /\ = 1. 
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Introduce the functions 
for 0 < 5 < A, 0 < t < T*. Then 
w(h, t) = 0, ?q(h, t) = 0 
and w satisfies the same parabolic equation as ~(5, t) for 0 < t < A, 0 < t < T*. 
The boundary data on 5 = 0 are analytic, by assumption. 
Using the techniques of Friedman [4], one can now proceed to estimate the 
successive derivatives of w, @ and thereby establish the analyticity of w, w for 
0 < 6 < A, 0 < t < T*; this imphes the analyticity of s(t). 
REFERENCES 
1. L. C. EVANS, A free boundary prkblem: the flow of two immiscible fluids in a one- 
dimensional porous medium, I, Indiana Univ. Math. J. 26 (1977), 915-932. 
2. L. C. EVANS, A free boundary problem: The flow of two immiscible fluids in a one- 
dimensional porous medium II, lndz’ana U&Y. Math. J. 27 (1978), 93-111. 
3. L. C. EVANS AND A. FRIEDMAN, Regularity and asymptotic behavior of two immiscible 
fluids in a one-dimensional porous medium, 1. Differential Equations 31 (1979), 
366-391. 
4. A. FRIEDMAN, Analyticity of the Stefan problem, Arch. Rational Mech. Anal. 61 
(1976), 97-126. 
5. W. FULKS AND R. B. GUENTHER, A free boundary problem and an extension of 
Muskat’s model, Acta Math. 122 (1969), 273-300. 
6. D. SCHAEFFER, A new proof of the infinite differentiability of the free-boundary in the 
Stefan problem, J. Differential Equations 20 (1976), 266-269. 
